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Abstrat
The OrrSommerfeld equation with linear profile on the finite interval is
onsidered. The behavior of the spetrum of this problem is ompletely
investigated for large Reynolds numbers. The limit urves are found to
whih the eigenvalues onentrate and the ounting eigenvalue funtions
along these urves are obtained.
1
Óðàâíåíèå ÎððàÇîììåðåëüäà
ñ ëèíåéíûì ïðîèëåì
À. Â. Äüÿ÷åíêî
(a)
è À. À. Øêàëèêîâ
(b)
Ìåõàíèêî-ìàòåìàòè÷åñêèé àêóëüòåò,
Ìîñêîâñêèé îñóäàðñòâåííûé Óíèâåðñèòåò,
Ìîñêâà, îññèÿ
(a)
e-mail: sasha_dauriga.ru
(b)
e-mail: ashkalikovyahoo.om
Àííîòàöèÿ
àññìàòðèâàåòñÿ óðàâíåíèå ÎððàÇîììåðåëüäà ñ ëèíåéíûì ïðîèëåì.
Ïîëíîñòüþ èçó÷åíî ïîâåäåíèå ñïåêòðà äëÿ áîëüøèõ ÷èñåë åéíîëüäñà.
Íàéäåíû ïðåäåëüíûå êðèâûå, îêîëî êîòîðûõ êîíöåíòðèðóþòñÿ
ñîáñòâåííûå çíà÷åíèÿ, è ïîëó÷åíû óíêöèè ðàñïðåäåëåíèÿ ñîáñòâåííûõ
çíà÷åíèé âäîëü ýòèõ êðèâûõ.
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Ââåäåíèå
Â ñòàòüå ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à ÎððàÇîììåðåëüäà
{(D2 − α2)2 − iαR[q(x)(D2 − α2)− q′′(x)]}y = −λ(D2 − α2)y, (1)
y(−1) = y′(−1) = y(1) = y′(1) = 0. (2)
Çäåñü D = d/dx, α  âîëíîâîå ÷èñëî, R  ÷èñëî åéíîëüäñà,
õàðàêòåðèçóþùåå âÿçêîñòü æèäêîñòè, à q(x)  ïðîèëü ñêîðîñòè
òå÷åíèÿ æèäêîñòè â êàíàëå |x| < 1. Ýòà çàäà÷à ïîëó÷àåòñÿ
ïîñëå ëèíåàðèçàöèè óðàâíåíèé ÍàâüåÑòîêñà äëÿ ïëîñêîïàðàëëåëüíûõ
òå÷åíèé ìåæäó äâóìÿ èêñèðîâàííûìè ñòåíêàìè.
Ñâîéñòâà çàäà÷è ÎððàÇîììåðåëüäà âî ìíîãîì îïðåäåëÿþòñÿ
ñâîéñòâàìè ìîäåëüíîé çàäà÷è âèäà
−εy′′ + q(x)y = λy, (3)
y(−1) = y(1) = 0, (4)
ãäå ε = 1/iαR  ìàëûé ïàðàìåòð, ëåæàùèé íà îòðèöàòåëüíîé ìíèìîé
ïîëóîñè.
Õîðîøî èçâåñòíî, ÷òî ñïåêòð çàäà÷è ÎððàÇîììåðåëüäà íà
êîíå÷íîì èíòåðâàëå äèñêðåòåí. Âàæíîé ÿâëÿåòñÿ çàäà÷à èçó÷åíèÿ
ïîâåäåíèÿ ñîáñòâåííûõ çíà÷åíèé ïðè áîëüøèõ ÷èñëàõ åéíîëüäñà R,
÷òî ñîîòâåòñòâóåò ìàëîé âÿçêîñòè æèäêîñòè. Íàèáîëüøèé èíòåðåñ
ïðåäñòàâëÿþò äâà ñòàöèîíàðíûõ ïðîèëÿ ñêîðîñòè: q(x) = x è q(x) = x2.
Ïåðâûé íàçûâàåòñÿ ïðîèëåì Êóýòòà, âòîðîé  ïðîèëåì Ïóàçåéëÿ.
Çàäà÷à ÎððàÇîììåðåëüäà èçó÷àëàñü ìíîãèìè àâòîðàìè.
Îñíîâíûå ðåçóëüòàòû è ëèòåðàòóðíûå ññûëêè ìîæíî íàéòè â îáçîðå
åääè, Õåííèíãñîíà è Øìèäòà [16℄, ìîíîãðàèÿõ Äðàéçèíà è èäà [13℄,
Äèêîãî [1℄, à òàêæå â ðàáîòàõ åéçåíáåðãà, Âàçîâà, Ëèíà è äð. (ñì.
áèáëèîãðàèþ â [13℄).
Îäíàêî, îïèñàíèå ïîðòðåòà ïîâåäåíèÿ ñîáñòâåííûõ çíà÷åíèé ýòîé
çàäà÷è ïðè ε → 0 (ò. å. R → ∞) íå áûëî ïðèâåäåíî ïîëíîñòüþ.
Â ýòîé ñâÿçè óêàæåì âàæíûå ðàáîòû Ìîðàâåö [14℄ è ×àïìàíà [12℄.
Ìîðàâåö ïîêàçàëà, ÷òî ïðè q(x) = x ñîáñòâåííûå çíà÷åíèÿ çàäà÷è
ÎððàÇîììåðåëüäà ìîãóò ëîêàëèçîâàòüñÿ òîëüêî âáëèçè îòðåçêîâ
[−1,−i/√3], [1,−i/√3] è ëó÷à [−i/√3,−i∞), õîòÿ â [14℄ ïîä÷åðêèâàåòñÿ,
÷òî íå óäàåòñÿ ïîëó÷èòü èíîðìàöèþ î ñîáñòâåííûõ çíà÷åíèÿõ â ìàëûõ
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îêðåñòíîñòÿõ ïåðâûõ äâóõ îòðåçêîâ. Äëÿ q(x) = x2 ïðåäïîëîæåíèÿ
ðàáîòû [14℄ íå ðåàëèçóþòñÿ.
Êîìïüþòåðíûå ïðîãðàììû äëÿ âû÷èñëåíèÿ ñîáñòâåííûõ çíà÷åíèé
çàäà÷è ÎððàÇîììåðåëüäà ðåàëèçîâûâàëèñü åääè, Õåííèíãñîíîì è
Øìèäòîì [16℄, Òðååçåíîì [18℄, Øêàëèêîâûì è Íåéìàíîì-çàäå [4℄,
×àïìàíîì [12℄. Â äâóõ ïîñëåäíèõ ðàáîòàõ áûëî ïîíÿòíî, ÷òî â îòëè÷èå
îò ìîäåëüíîé çàäà÷è, ñîáñòâåííûå çíà÷åíèÿ çàäà÷è ÎððàÇîììåðåëüäà
ëîêàëèçóþòñÿ âäîëü äâóõ ëèíèé ñíèçó è ñâåðõó îò îòðåçêîâ [±1,− i√
3
],
ïðè÷åì ýòè ëèíèè ïðè ε → 0 ñëèâàþòñÿ â ýòè îòðåçêè. Â ðàáîòå [12℄
ïðèâîäèëèñü íåêîòîðûå îáúÿñíåíèÿ ýòîãî ÿâëåíèÿ, íî àíàëèòè÷åñêîé
îðìû ëèíèé è ÿâíûõ îðìóë äëÿ ñîáñòâåííûõ çíà÷åíèé íà ýòèõ ëèíèÿõ
(èëè óíêöèé ðàñïðåäåëåíèÿ) âûïèñàíî íå áûëî. Âñå ýòî: îðìà ëèíèé
è îðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé,  áóäåò íàéäåíî â ýòîé ñòàòüå.
Íåîáõîäèìî îòìåòèòü, ÷òî ìíîãèå àâòîðû ðàññìàòðèâàëè çàäà÷ó
ÎððàÇîììåðåëüäà â ñâÿçè ñ âîïðîñîì îá óñòîé÷èâîñòè òå÷åíèÿ
æèäêîñòè, ÷òî ýêâèâàëåíòíî îòñóòñòâèþ ñîáñòâåííûõ çíà÷åíèé â âåðõíåé
ïîëóïëîñêîñòè. Óñòîé÷èâîñòü ïëîñêîïàðàëëåëüíîãî òå÷åíèÿ Êóýòòà
¾ïî÷òè¿ äîêàçàíà â ðàáîòå [6℄. Ïðè R→∞ â íåé èñïîëüçóåòñÿ àïïàðàò
ñïåöèàëüíûõ óíêöèé (óíêöèé Ýéðè), à ïðè ìàëûõ çíà÷åíèÿõ ÷èñëà
åéíîëüäñà ïðèìåíÿþòñÿ ÷èñëåííûå ðàñ÷åòû íà êîìïüþòåðå. Âîïðîñ îá
óñòîé÷èâîñòè äëÿ óðàâíåíèÿ ÎððàÇîììåðåëüäà ðàññìîòðåí è â êíèãå
[3℄, ãäå èñïîëüçóþòñÿ àñèìïòîòè÷åñêèå ìåòîäû äëÿ íàõîæäåíèÿ ðåøåíèé.
Ìîäåëüíàÿ çàäà÷à (3), (4) ñ ëèíåéíûì ïðîèëåì ðàññìàòðèâàëàñü
â ðàáîòàõ Òðååçåíà [18℄ è åääè, Õåííèíãñîíà, Øìèäòà [16℄.
Àíàëèòè÷åñêîå îáúÿñíåíèå ïîðòðåòà ñîáñòâåííûõ çíà÷åíèé ýòîé çàäà÷è
ïðè ε→ 0 áûëî ïðîâåäåíî â [10℄, à èìåííî, áûëî äîêàçàíî, ÷òî ïðè q(x) =
x ñîáñòâåííûå çíà÷åíèÿ ìîäåëüíîé çàäà÷è (3), (4) ëîêàëèçóþòñÿ âäîëü
ëó÷à [−i/√3,−i∞) è äâóõ îòðåçêîâ [−1,−i/√3], [1,−i/√3], à òàêæå
íàéäåíà àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé â îêðåñòíîñòè óêàçàííûõ
îòðåçêîâ. Áîëåå ÷àñòíûé ðåçóëüòàò íåçàâèñèìî ïîëó÷åí â [7℄.
Èòàê, ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à ÎððàÇîììåðåëüäà ñ
ëèíåéíûì ïðîèëåì (òå÷åíèå Êóýòòà)
−iε(w′′ − α2w) = (x+ iελ˜)w, w = y′′ − α2y, (5)
y(±1) = y′(±1) = 0. (6)
Çäåñü ε = 1/αR, λ˜  ñïåêòðàëüíûé ïàðàìåòð, R  ÷èñëî åéíîëüäñà,
à α  âîëíîâîå ÷èñëî. Äëÿ íàøèõ ðàññìîòðåíèé óäîáíî ââåñòè äðóãîé
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ñïåêòðàëüíûé ïàðàìåòð λ = iε(α2 − λ˜).
Ñîîòâåòñòâóþùàÿ ìîäåëüíàÿ çàäà÷à èìååò âèä:
−iεy′′ = (x− λ)y, (7)
y(−1) = y(1) = 0, (8)
ãäå λ  ñïåêòðàëüíûé ïàðàìåòð, à ε > 0  ìàëûé ïàðàìåòð.
Íàøà öåëü  îïèñàòü àñèìïòîòè÷åñêîå ïîâåäåíèå ñîáñòâåííûõ
çíà÷åíèé ìîäåëüíîé çàäà÷è ïðè ε → +0 íà ìíèìîé îñè, óòî÷íèòü
àñèìïòîòèêè [10℄ íà îòðåçêàõ [±1,− i√
3
] è îöåíèòü ÷èñëî ñîáñòâåííûõ
çíà÷åíèé âáëèçè óçëà. Çàòåì, ïîëüçóÿñü íàðàáîòàííûìè ìåòîäàìè,
ñäåëàòü òî æå ñàìîå äëÿ çàäà÷è ÎððàÇîììåðåëüäà ñ ëèíåéíûì
ïðîèëåì.
Ïëàí ñòàòüè ñëåäóþùèé.
Â ïàðàãðàå 1 ðàññìîòðåíà ìîäåëüíàÿ çàäà÷à (7), (8). Â òåîðåìå 1
âû÷èñëåíà àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé íà ëó÷å [− i√
3
,−i∞). Â
òåîðåìå 2 ñäåëàíî óòî÷íåíèå àñèìïòîòèêè [10℄ íà îòðåçêàõ [±1,− i√
3
]
ñ ó÷åòîì ëåììû 1. Â òåîðåìå 3 äàåòñÿ óäîáíîå ïðåäñòàâëåíèå äëÿ
óíêöèè ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé âíå óçëîâîé òî÷êè − i√
3
(â
êîòîðîé íå ðàáîòàþò àñèìïòîòè÷åñêèå ïðèáëèæåíèÿ). Íàêîíåö, îöåíêà
êîëè÷åñòâà ñîáñòâåííûõ çíà÷åíèé â êðóãå ìàëîãî ðàäèóñà ñ öåíòðîì â
óçëîâîé òî÷êå − i√
3
äàíà â òåîðåìå 4. Îòìåòèì, ÷òî óìåíüøåíèå ðàäèóñà
ýòîãî êðóãà âïëîòü äî ε1/2 ln ε−σ ñòàëî âîçìîæíûì áëàãîäàðÿ ëåììå
1, â êîòîðîé ðàñøèðåíà ñòàíäàðòíàÿ îáëàñòü äåéñòâèÿ êëàññè÷åñêèõ
àñèìïòîòèê óíêöèé Ýéðè.
Â ïàðàãðàå 2 íàéäåíû ÷åòûðå íåçàâèñèìûõ ðåøåíèÿ
óðàâíåíèÿ ÎððàÇîììåðåëüäà ñ ëèíåéíûì ïðîèëåì è âûïèñàíî
õàðàêòåðèñòè÷åñêîå óðàâíåíèå êðàåâîé çàäà÷è â âèäå îïðåäåëèòåëÿ
ðàçìåðîì 2× 2, ñîñòîÿùåãî èç èíòåãðàëîâ îò óíêöèé Ýéðè.
Â ïàðàãðàå 3 èçó÷àåòñÿ ïîâåäåíèå ñîáñòâåííûõ çíà÷åíèé λ
â îêðåñòíîñòè îòðåçêà [−1,− i√
3
]. Ëåììà 3 äàåò íåîáõîäèìûå
àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ èíòåãðàëîâ, âõîäÿùèõ â
õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü. Äàëüíåéøèé àíàëèç ïîêàçûâàåò,
÷òî ñîáñòâåííûå çíà÷åíèÿ ëîêàëèçóþòñÿ íå âäîëü ñàìîãî îòðåçêà
[−1,− i√
3
], à âäîëü äâóõ êðèâûõ, íàõîäÿùèõñÿ ïî ðàçíûå ñòîðîíû îò
ýòîãî îòðåçêà è îòñòîÿùèõ îò íåãî íà ðàññòîÿíèå ïîðÿäêà ε1/2| ln ε|. Ýòîò
ðåçóëüòàò ñîðìóëèðîâàí â òåîðåìå 5, ãäå òàêæå äàíû àñèìïòîòè÷åñêèå
ïðåäñòàâëåíèÿ äëÿ ýòèõ êðèâûõ è ñàìèõ ñîáñòâåííûõ çíà÷åíèé.
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Figure 1: Ñïåêòð ìîäåëüíîé çàäà÷è äëÿ ïðîèëÿ Êóýòòà, R = 3000, α = 1
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Íàêîíåö, â ïàðàãðàå 4 ìû ïîêàæåì, ÷òî â îêðåñòíîñòè ëó÷à
[− i√
3
,−i∞) ñîáñòâåííûå çíà÷åíèÿ λ âåäóò ñåáÿ òî÷íî òàê æå, êàê è â
ìîäåëüíîé çàäà÷å. Ñîîòâåòñòâóþùèå îðìóëû âûïèñàíû â òåîðåìå 6.
1 Ïîâåäåíèå ñïåêòðà ìîäåëüíîé çàäà÷è
Çàìåíà ξ = (−iε)−1/3(x− λ) ïðèâîäèò çàäà÷ó (7), (8) ê ãðàíè÷íîé çàäà÷å
äëÿ óðàâíåíèÿ Ýéðè
z′′(ξ) = ξz(ξ),
z(ξ1) = z(ξ2) = 0,
ãäå ξ1 = (−iε)−1/3(−1− λ), ξ2 = (−iε)−1/3(1− λ).
Èçâåñòíî [5℄, ÷òî óðàâíåíèå Ýéðè îáëàäàåò ðåøåíèåì v(ξ), èìåþùèì
â ñåêòîðå | arg ξ| 6 pi − δ0 (δ0 > 0  ïðîèçâîëüíîå èêñèðîâàííîå ÷èñëî)
àñèìïòîòèêó
v(ξ) =
e−
2
3
ξ3/2
2
√
piξ1/4
(
1 +O
(
1
|ξ|3/2
))
, ξ →∞, (9)
ãäå âûáèðàþòñÿ ãëàâíûå (ïîëîæèòåëüíûå) âåòâè êîðíåé ïðè ξ > 0. Ýòî
ðåøåíèå ÷àñòî íàçûâàþò óíêöèåé ÝéðèÔîêà. Íàì ïîòðåáóåòñÿ íàéòè
áîëåå øèðîêóþ îáëàñòü, â êîòîðîé àñèìïòîòèêà (9) ñîõðàíÿåòñÿ.
Ëåììà 1. Äëÿ óíêöèè ÝéðèÔîêà v(ξ) àñèìïòîòèêà (9) ñîõðàíÿåòñÿ
â îáëàñòè Ω =
{
ξ : | arg ξ| 6 pi − 3 ln |ξ|
4|ξ|3/2
}
. Ïðè ýòîì îñòàòî÷íûé ÷ëåí
ìàæîðèðóåòñÿ âåëè÷èíîé C|ξ|−3/2 ðàâíîìåðíî ïî ξ ∈ Ω.
Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü îðìóëû (9) â îáëàñòè Ω
äîêàçûâàåòñÿ íà îñíîâå àíàëèçà òîæäåñòâà
v(ξ) = e−
pii
3 v
(
e
2pii
3 ξ
)
+ e
pii
3 v
(
e−
2pii
3 ξ
)
. (10)
Â ñàìîì äåëå, îðìóëó (9) ìîæíî èñïîëüçîâàòü äëÿ âû÷èñëåíèÿ
v(e±
2pii
3 ξ) ïðè ξ = −ρeiδ, ln |ξ|κ|ξ|3/2 6 |δ| 6 δ0, ρ > 1:
e∓
pii
3 v
(
e±
2pii
3 ξ
)
=
e−i(
δ
4
±pi
4 )
2
√
piρ1/4
e±i
2
3
ρ3/2ei
3δ
2
(
1 +O
(
1
ρ3/2
))
.
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Figure 2: Ñïåêòð çàäà÷è ÎððàÇîììåðåëüäà äëÿ ïðîèëÿ Êóýòòà, R = 3000,
α = 1
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Îòñþäà âèäíî, ÷òî ïðè δ > 0 ïåðâîå ñëàãàåìîå â òîæäåñòâå (10) ìàëî ïî
ñðàâíåíèþ ñî âòîðûì è èì ìîæíî ïðåíåáðå÷ü, åñëè
e−i
2
3
ρ3/2ei
3δ
2 O
(
1
ρ3/2
)
= ei
2
3
ρ3/2ei
3δ
2 .
Ýòî ñîîòíîøåíèå âûïîëåíî ïðè äîñòàòî÷íî ìàëûõ δ0 = δ0(κ), òàê êàê
ρ3/2
∣∣∣∣ei 43ρ3/2ei 3δ2
∣∣∣∣ = ρ3/2e−ρ3/2 43 sin 3δ2 < ρ3/2e−ρ3/2 32 δκ 6 ρ3/2e− 32 lnρ = 1.
Òàêèì îáðàçîì,
v(ξ) = e
pii
3
e
− 2
3
(
e−
2pii
3 ξ
)3/2
2
√
pi
(
e−
2pii
3 ξ
)1/4
(
1 +O
(
1
|ξ|3/2
))
=
=
e−
2
3
ξ3/2
2
√
piξ1/4
(
1 +O
(
1
|ξ|3/2
))
.
Ñëó÷àé δ < 0 ðàññìàòðèâàåòñÿ àíàëîãè÷íî.
àññìîòðèì îáëàñòü Dε (ñì. ðèñ. 3), îãðàíè÷åííóþ ñëåâà è ñïðàâà
ïðÿìûìè Reλ = ±1, à ñâåðõó  ïðÿìûìè, ïðîõîäÿùèìè ÷åðåç òî÷êè ±1
è òî÷êó dε = −i
(
1√
3
+ ε1/2 ln ε−θ
)
, ãäå θ > 1
3
(3/4)3/4  èêñèðîâàííîå
÷èñëî. Ïîëîæèì
f(λ) =
1∫
−1
e−i
pi
4
√
x− λ dx,
ãäå âåòâü êâàäðàòíîãî êîðíÿ âûáèðàåòñÿ òàêîé, ÷òî f(−i/√3) > 0.
Îáîçíà÷èì
Λα = {λ ∈ C : | argλ| < α}.
Ëåììà 2. Ôóíêöèÿ f(λ) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
1◦. f(λ) ãîëîìîðíà â íèæíåé ïîëóïëîñêîñòè è âåùåñòâåííà ïðè
λ = −iµ, µ > 0.
2◦. Çíà÷åíèÿ f(λ) è −if ′(λ) ëåæàò â ñåêòîðå Λpi/6, à f ′′(λ) â ñåêòîðå
Λpi/2 ïðè âñåõ λ ∈ Dε.
3◦. f(λ) ìîíîòîííî âîçðàñòàåò ïðè λ → −i∞ ïî îòðèöàòåëüíîé
ìíèìîé îñè â îáëàñòè Dε.
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Figure 3: Îáëàñòü ñïðàâåäëèâîñòè àñèìïòîòèê â îêðåñòíîñòè ëó÷à
[−i/√3,−i∞)
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4◦. f(λ) = 2
√
iλ+O
(
1
|λ|3/2
)
, f ′(λ) = i√
iλ
+O
(
1
|λ|3/2
)
ïðè λ ∈ Dε.
5◦. |f(λ1) − f(λ2)| > γ |λ1−λ2|√
max{|λ1|,|λ2|}
ïðè λ1, λ2 ∈ Dε, ãäå ïîñòîÿííàÿ
γ > 0 íå çàâèñèò îò λ1, λ2 è ε.
6◦. f(dε) < Re f(λ) ïðè λ ∈ Dε.
7◦. Ôóíêöèÿ f(λ), λ ∈ Dε, íå ïðèíèìàåò âåùåñòâåííûõ çíà÷åíèé
âíå ìíèìîé îñè.
Äîêàçàòåëüñòâî óäîáíåå ïðîâåñòè â òåðìèíàõ ïåðåìåííîé µ = iλ è
óíêöèè g(µ) = f(λ), êîòîðàÿ èìååò âèä
g(µ) =
1∫
−1
√
µ− ix dx.
Ñâîéñòâî 1◦ ñëåäóåò èç òîãî, ÷òî ïðè ïîëîæèòåëüíûõ çíà÷åíèÿõ µ
g(µ) =
1∫
−1
√
µ+ ix dx =
1∫
−1
√
µ− ix˜ dx˜ = g(µ), x˜ = −x.
×òîáû äîêàçàòü ñâîéñòâî 2◦, âû÷èñëèì ïðîèçâîäíûå:
−if ′(λ) = g′(µ) = 1
2
1∫
−1
1√
µ− ix dx,
f ′′(λ) = −g′′(µ) = 1
4
1∫
−1
1
(µ− ix)3/2 dx,
è çàìåòèì, ÷òî
√
µ− ix ∈ Λpi/6, 1√µ−ix ∈ Λpi/6, 1(µ−ix)3/2 ∈ Λpi/2 è
èíòåãðàëû îò ýòèõ âûðàæåíèé ëåæàò â ñîîòâåòñòâóþùèõ ñåêòîðàõ.
Ñâîéñòâî 3◦ ñëåäóåò èç 1◦ è 2◦, ïîñêîëüêó g′(µ) > 0 ïðè µ > 0, −iµ ∈
Dε.
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Äëÿ äîêàçàòåëüñòâà ñâîéñòâà 4◦ âû÷èñëèì èíòåãðàë:
g(µ) =
2
3
i(µ− ix)3/2
∣∣∣∣
1
−1
=
2
3
iµ3/2
[(
1− i
µ
)3/2
−
(
1 +
i
µ
)3/2]
=
=
2
3
iµ3/2
[
1− 3
2
i
µ
− 3
8
1
µ2
− 1− 3
2
i
µ
+
3
8
1
µ2
+O
(
1
µ3
)]
=
= 2
√
µ+O
(
1
µ3/2
)
.
Àíàëîãè÷íî
g′(µ) = i(µ− ix)1/2
∣∣∣∣
1
−1
= iµ1/2
[(
1− i
µ
)1/2
−
(
1 +
i
µ
)1/2]
=
= iµ1/2
[
1− 1
2
i
µ
+
1
8
1
µ2
− 1− 1
2
i
µ
− 1
8
1
µ2
+O
(
1
µ3
)]
=
1√
µ
+O
(
1
µ5/2
)
.
Äîêàæåì ñâîéñòâî 5◦. àññìîòðèì îáëàñòü iD0 è äîêàæåì, ÷òî ïðè
µ1, µ2 ∈ iD0
|g(µ1)− g(µ2)| > γ |µ1 − µ2|√
max{|µ1|, |µ2|}
.
Èç ñâîéñòâ 2◦, 4◦ ñëåäóåò, ÷òî
Re g′(µ) >
γ√|µ| , µ ∈ iD0.
Â ñàìîì äåëå, ïîñêîëüêó g′(µ) ∈ Λpi/6 è g′(µ) ∼ 1√µ , µ → ∞, òî ïðè
äîñòàòî÷íî áîëüøèõ |µ|
Re g′(µ) >
√
3
2
|g′(µ)| > 1
2
√|µ| ,
à ïðè ìàëûõ |µ| êîíñòàíòó γ > 0 ìîæíî ïîäîáðàòü, òàê êàê√|µ|Re g′(µ) > 0 â çàìûêàíèè îáëàñòè iD0. Òàêèì îáðàçîì, íà îòðåçêå
[µ1, µ2]
Re g′(µ) >
γ√
max{|µ1|, |µ2|}
,
ïîýòîìó íàéäåòñÿ ÷èñëî ξ, äëÿ êîòîðîãî
g(µ1)− g(µ2) = ξ(µ1 − µ2), Re ξ > γ√
max{|µ1|, |µ2|}
.
12
Ñëåäîâàòåëüíî,
|g(µ1)− g(µ2)| = |ξ| · |µ1 − µ2| > Re ξ · |µ1 − µ2| > γ · |µ1 − µ2|√
max{|µ1|, |µ2|}
.
Äîêàæåì ñâîéñòâî 6◦. Ïîñêîëüêó g′(µ) ∈ Λpi/6, òî íàéäåòñÿ êîìëåêñíîå
÷èñëî ξ ∈ Λpi/6, òàêîå, ÷òî
g(µ)− g(idε) = ξ(µ− idε).
È òàê êàê µ− idε = i(λ− dε) ∈ Λpi/3, òî g(µ)− g(idε) ∈ Λpi/2, òî åñòü
Re(g(µ)− g(idε)) = Re f(λ)− f(dε) > 0.
Îñòàëîñü äîêàçàòü ñâîéñòâî 7◦. Ïðåäïîëîæèì, g(µ) ∈ R. Òîãäà
g(µ) = g(µ) =
1∫
−1
√
µ¯+ ix dx =
1∫
−1
√
µ¯− ix˜ dx˜ = g(µ¯), x˜ = −x.
Îòñþäà è èç ñâîéñòâà 5◦ ñëåäóåò, ÷òî µ = µ¯, òî åñòü µ âåùåñòâåííî.
Èç ëåììû 2 (ñâîéñòâà 3◦, 7◦) ñëåäóåò, ÷òî íàéäåòñÿ íàòóðàëüíîå ÷èñëî
k0 òàêîå, ÷òî óðàâíåíèå
f(λ) = pikε1/2
èìååò â îáëàñòè Dε â òî÷íîñòè îäíî ÷èñòî ìíèìîå ðåøåíèå −iρk ïðè âñåõ
öåëûõ k > k0. Î÷åâèäíî,
idε < ρk0 < ρk0+1 < . . . .
Òåîðåìà 1. Ïðè äîñòàòî÷íî ìàëûõ ε > 0 âñå ñîáñòâåííûå çíà÷åíèÿ
çàäà÷è (7), (8), ëåæàùèå â îáëàñòè Dε, ÿâëÿþòñÿ ïðîñòûìè è
îáðàçóþò ìîíîòîííóþ ïîñëåäîâàòåëüíîñòü ÷èñåë íà îòðèöàòåëüíîé
ìíèìîé îñè. Ïðè ýòîì íà èíòåðâàëå (dε,−i(ρk0 +O(ε))) ìîæåò
íàõîäèòüñÿ íå áîëåå äâóõ ñîáñòâåííûõ çíà÷åíèé, à âñå îñòàëüíûå
ñîáñòâåííûå çíà÷åíèÿ λk çàäà÷è (7), (8) â îáëàñòè Dε èìåþò âèä
λk = −i(ρk + ρ−1k O(ε)), k = k0 + 1, k0 + 2, . . . .
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Äîêàçàòåëüñòâî. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü çàäà÷è (7),
(8) èìååò âèä (ñì. [10℄)
v(ξ1)v
(
e−
2pii
3 ξ2
)
− v
(
e−
2pii
3 ξ1
)
v(ξ2) = 0.
Ïðîâåðèì, ÷òî ïåðåìåííûå ξj, e
− 2pii
3 ξj, j = 1, 2, îñòàþòñÿ â îáëàñòè,
óêàçàííîé â ëåììå 1, åñëè λ ∈ Dε:
pi
3
<
pi
6
+ arg(1− λ) 6 arg ξj 6 pi
6
+ arg(−1 − λ) < pi,
−pi
3
< arg e−
2pii
3 ξj <
pi
3
.
Äëÿ arg(−1− λ) íåîáõîäèìî ñäåëàòü áîëåå òî÷íóþ îöåíêó ïðè ìàëûõ ε:
arg(−1 − λ) < arg(−1− dε) =
= pi − arctg
(
1√
3
+ ε1/2 ln ε−θ
)
< pi − arctg 1√
3
− 3
4
θ˜ε1/2 ln ε−1,
ãäå θ > θ˜ > 1
3
(3/4)3/4; ïðè ýòîì
ln |ξj|κ
|ξj|3/2 =
κ(1
3
ln ε−1 + ln |1− λ|)
ε−1/2|1− λ|3/2 <
κ˜ · 1
3
ln ε−1
ε−1/2(2/
√
3)3/2
=
1
3
(3/4)3/4κ˜ε1/2 ln ε−1,
ãäå κ˜ > κ > 3
4
; òàêèì îáðàçîì,
arg ξj 6
pi
6
+ arg(−1− λ) < pi − 3
4
θ˜ε1/2 ln ε−1 <
< pi − 3/4
κ˜
θ˜
1
3
(3/4)3/4
ln |ξj|κ
|ξj|3/2 < pi −
ln |ξj|κ
|ξj|3/2
åñëè âûáðàòü κ, κ˜, θ˜ òàê, ÷òîáû
1 <
κ
3/4
<
κ˜
3/4
<
θ˜
1
3
(3/4)3/4
<
θ
1
3
(3/4)3/4
.
Âîñïîëüçóåìñÿ àñèìïòîòèêîé ëåììû 1 äëÿ âû÷èñëåíèÿ
õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ:
e
− 2
3
(
ξ
3/2
1
+(e−
2pii
3 ξ2)
3/2
)
ξ
1/4
1 (e
− 2pii
3 ξ2)
1/4
(
1 + |λ|−3/2O (ε1/2)) =
=
e
− 2
3
(
ξ
3/2
2
+(e−
2pii
3 ξ1)
3/2
)
ξ
1/4
2 (e
− 2pii
3 ξ1)
1/4
(
1 + |λ|−3/2O (ε1/2)) .
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Ïîñêîëüêó
pi
3
< arg ξj < pi, òî
(e−
2pii
3 ξj)
3/2 = −ξj3/2, (e− 2pii3 ξj)1/4 = e−pii6 ξj1/4,
è õàðàêòåðèñòè÷åñêîå óðàâíåíèå ïðèâîäèòñÿ ê âèäó
e
4
3
(ξ
3/2
2
−ξ3/2
1
) = 1 + |λ|−3/2O (ε1/2) , (11)
e2iε
−1/2· 2
3
e−
pii
4 [(1−λ)3/2−(−1−λ)3/2] = 1 + |λ|−3/2O (ε1/2) ,
e2iε
−1/2f(λ) = 1 + |λ|−3/2O (ε1/2) .
Ïîñëå ëîãàðèìèðîâàíèÿ ïîëó÷àåì:
f(λ) = pikε1/2 + |λ|−3/2O (ε) , k = 0, ±1, ±2, . . . . (12)
Ýòî óðàâíåíèå íå ìîæåò èìåòü ðåøåíèé ïðè k 6 k0 − 2 â ñèëó ñâîéñòâà
6◦:
|f(λ)− pikε1/2| > |f(λ)| − pikε1/2 > Re f(λ)− pikε1/2 >
> f(dε)− pikε1/2 > pi(k0 − 1)ε1/2 − pi(k0 − 2)ε1/2 = piε1/2.
Ïðè k > k0 + 1 îáîçíà÷èì B
(k)
ε êðóã ñ öåíòðîì â òî÷êå −iρk è ðàäèóñîì
cρ−1k ε, c > 0. Â ñèëó îãðàíè÷åííîñòè f
′(λ)
|ρk − ρk−1| > c˜ · piε1/2, c˜ > 0.
ïîýòîìó êðóãè B
(k)
ε íå ïåðåñåêàþòñÿ è ïîëíîñòüþ ñîäåðæàòñÿ â îáëàñòè
Dε ïðè ìàëûõ ε > 0. Äîêàæåì, ÷òî óðàâíåíèå (12) èìååò ðîâíî îäíî
ðåøåíèå λk ∈ Dε, êîòîðîå ëåæèò âíóòðè êðóãà B(k)ε . Ýòî ñëåäóåò èç
òåîðåìû óøå è îöåíêè äëÿ λ ∈ Dε\B(k)ε :
|f(−iρk)− f(λ)| > γ | − iρk − λ|√
max{ρk, |λ|}
>
cγ√
8
|λ|−3/2ε > |λ|−3/2O (ε) .
Ïåðâîå íåðàâåíñòâî â ýòîé öåïî÷êå ñîâïàäàåò ñî ñâîéñòâîì 5◦, òðåòüå
âûïîëíåíî ïðè âûáîðå äîñòàòî÷íî áîëüøîé êîíñòàíòû c, à äëÿ
äîêàçàòåëüñòâà âòîðîãî íåðàâåíñòâà ðàññìîòðèì äâà ñëó÷àÿ. Åñëè |λ| 6
1
2
ρk, òî
| − iρk − λ|√
max{ρk, |λ|}
=
| − iρk − λ|√
ρk
=
√
ρk
∣∣∣∣1− iλρk
∣∣∣∣ >
>
√
ρk
(
1− |λ|
ρk
)
>
√
1√
3
· 1
2
> c|λ|−3/2ε.
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Åñëè æå |λ| > 1
2
ρk, òî
| − iρk − λ|√
max{ρk, |λ|}
>
cρ−1k ε√
2|λ| >
c√
8
|λ|−3/2ε.
Îñòàåòñÿ çàìåòèòü, ÷òî â ñèëó ñèììåòðèè ñîáñòâåííûå çíà÷åíèÿ λk ëåæàò
íà ìíèìîé îñè, à ñëó÷àè k = k0 − 1, k0 ñâîäÿòñÿ ê ðàññìîòðåííîìó, åñëè
ðàñøèðèòü íåìíîãî îáëàñòü Dε çà ñ÷åò óìåíüøåíèÿ ïàðàìåòðà θ.
Àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé âáëèçè îòðåçêîâ [±1,− i√
3
] áûëà
ïîëó÷åíà â [10℄. Çäåñü ìû ïðèâåäåì óòî÷íåííûå îðìóëû (ñð. [10℄),
êîòîðûå ïîëó÷àþòñÿ ïðè àíàëèçå èçâåñòíûõ àñèìïòîòèê óíêöèé Ýéðè
(ñì. [5℄) ñ ïðèâëå÷åíèåì ëåììû 1, êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1.
Òåîðåìà 2. Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (7), (8) ñèììåòðè÷íû
îòíîñèòåëüíî ìíèìîé îñè è â îêðåñòíîñòè îòðåçêà [−1,− i√
3
] èìåþò
àñèìïòîòèêó
λk = (e
−ipi
6 tk − 1)
(
1 +O
(
e−ε
−1/2ϕ(tk)
))
,
ϕ(t) =
4
3
Re (2ei
pi
6 − t)3/2,
ãäå tk  íóëè óíêöèè ÝéðèÔîêà v(−ε−1/3t) = 0, êîãäà t ∈[
0, 2√
3
− ε1/2 ln ε−θ
)
. Ïðè ýòîì
(ε−1/3tk)
3/2
=
3pi
2
(
k − 1
4
)
+O
(
1
k
)
, k = 1, 2, . . . . (13)
Äîêàçàòåëüñòâî. Äëÿ âûâîäà îðìóëû (13) â [10℄ èñïîëüçîâàëîñü
ñëåäóþùåå àñèìïòîòè÷åñêîå ñîîòíîøåíèå äëÿ âåùåñòâåííûõ íóëåé
óíêöèè ÝéðèÔîêà v(−x):
xk ∼
[
3pi
2
(
k + k0 − 1
4
)]2/3
, k = 1, 2, . . . . (14)
Ýòî ñîîòíîøåíèå ìîæíî óòî÷íèòü ñ ïîìîùüþ ñëåäóþùåé
àñèìïòîòè÷åñêîé îðìóëû, èçâåñòíîé èç [5℄:
θ(x) =
2
3
|x|3/2 + pi
4
+O
(
1
|x|3/2
)
, x→ −∞,
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ãäå ïî îïðåäåëåíèþ
θ(x) =
{
pi
4
, x > c,
arctg Ai(x)
Bi(x)
, x 6 c,
c = max{x : Ai(x) = Bi(x)}, −1 < c < 0.
Îòñþäà
θ(−xk) = pik, k = 1, 2, . . . ,
2
3
x
3/2
k +
pi
4
+O
(
1
x
3/2
k
)
= pik,
x
3/2
k =
3pi
2
(
k − 1
4
)
+O
(
1
k
)
, k = 1, 2, . . . .
Òàêèì îáðàçîì, ìû óòî÷íèëè îðìóëó (14) è âû÷èñëèëè k0 = 0.
Çàìå÷àíèå 1. Â [10℄ âìåñòî óñëîâèÿ tk ∈
[
0, 2√
3
− ε1/2 ln ε−θ
)
îøèáî÷íî
èãóðèðóåò óñëîâèå tk ∈
[
0, 2√
3
− cε1/2
)
.
Ïðåäåëüíîå ìíîæåñòâî êîíöåíòðàöèè ñîáñòâåííûõ çíà÷åíèé
T =
[
−1,− i√
3
)
∪
[
1,− i√
3
)
∪
(
− i√
3
,−i∞
)
íàçâàíî â [10℄ ¾ñïåêòðàëüíûì ãàëñòóêîì¿. Ôóíêöèþ N(λ, ε),
îïðåäåëåííóþ ïðè λ ∈ T , íàçîâåì óíêöèåé ðàñïðåäåëåíèÿ ñîáñòâåííûõ
çíà÷åíèé çàäà÷è (7), (8), åñëè äëÿ âñåõ λ1, λ2, ïðèíàäëåæàùèõ ëþáîé
ñâÿçíîé êîìïîíåíòå ìíîæåñòâà T (óçåë − i√
3
èñêëþ÷àåòñÿ), ÷èñëî
ñîáñòâåííûõ çíà÷åíèé íà îòðåçêå [λ1, λ2] (èëè â ìàëîì ïðÿìîóãîëüíèêå,
ñòîðîíû êîòîðîãî ïðîõîäÿò ÷åðåç λ1 è λ2) ðàâíî |N(λ2, ε)−N(λ1, ε)|.
Òåîðåìà 3. Ôóíêöèÿ ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé çàäà÷è (7),
(8) ïðè ε→ 0 íà ñåãìåíòàõ [±1,− i√
3
) èìååò âèä
N(λ, ε) = ±ε
−1/2
pi
±1∫
λ
e−i
pi
4
√
x− λ dx+O (1) ,
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à íà ëó÷å (− i√
3
,−i∞)
N(λ, ε) =
ε−1/2
pi
1∫
−1
e−i
pi
4
√
x− λdx+O (1) .
Äîêàçàòåëüñòâî. Ïî òåîðåìå 2 íà îòðåçêå [−1,− i√
3
] èìååì:
(ε−1/3tk)
3/2
=
3pik
2
+O(1).
Îòñþäà
k =
ε−1/2
pi
· 2
3
t
3/2
k +O(1) =
ε−1/2
pi
· 2
3
| − 1− λk|3/2 +O(1).
Ñ äðóãîé ñòîðîíû, ïðè λ ∈ [−1,− i√
3
]
−
−1∫
λ
e−i
pi
4
√
x− λdx = − 2
3
e−i
pi
4 (x− λ)3/2
∣∣∣∣
−1
λ
=
2
3
ei
3pi
4 (−1− λ)3/2 = 2
3
| − 1− λ|3/2.
Âû÷èñëèì òåïåðü óíêöèþ ðàñïðåäåëåíèÿ íà ëó÷å (− i√
3
,−i∞), êîòîðóþ
ìîæíî â äàííîì ñëó÷àå îïðåäåëèòü êàê êîëè÷åñòâî ñîáñòâåííûõ
çíà÷åíèé, ìíèìàÿ ÷àñòü êîòîðûõ áîëüøå Imλ. Ïóñòü f(λ) = piε
1/2
0 (k0± 12),
òîãäà
N(λ, ε)−N(λ, ε0) = k − k0 ± 2, ãäå f(λ) = piε1/2(k ± 1
2
),
N(λ, ε) =
ε−1/2
pi
f(λ) +O(1).
Çàìå÷àíèå 2. Òåîðåìà 3 áûëà ïîëó÷åíà àâòîðàìè â 1998 ãîäó, à
âïîñëåäñòâèè îáîáùåíà íà ñëó÷àé, êîãäà âìåñòî q(x) = x ó÷àñòâóåò
óíêöèÿ q(x) = x2 èëè àíàëèòè÷åñêàÿ ìîíîòîííàÿ óíêöèÿ (ñì.
Òóìàíîâ, Øêàëèêîâ [8℄, Øêàëèêîâ [17℄).
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Òåîðåìà 4. Êîëè÷åñòâî ñîáñòâåííûõ çíà÷åíèé çàäà÷è (7), (8) â êðóãå
ìàëîãî ðàäèóñà δ ñ öåíòðîì â òî÷êå-óçëå − i√
3
ðàâíî (ïðè ε→ 0)
Nδ(ε) =
ε−1/2
pi
(
f
(
− i√
3
− iδ
)
− 4
3
(
2√
3
− δ
)3/2)
+O (1) .
Â êðóãå óìåíüøàþùåãîñÿ ðàäèóñà ε1/2 ln ε−θ, ïðè èêñèðîâàííîì θ >
1
3
(3/4)3/4, ÷èñëî ñîáñòâåííûõ çíà÷åíèé ðàâíî
Nε1/2 ln ε−θ(ε) =
21/233/4
pi
ln ε−θ +O (1) , ε→ 0.
Äîêàçàòåëüñòâî. Àíàëèç äîêàçàòåëüñòâà òåîðåìû 3 äàåò îðìóëó
äëÿ Nδ(ε) ïðè èêñèðîâàííîì δ > 0. Óñòðåìëÿÿ δ ê íóëþ, ïîëó÷èì:
f
(
− i√
3
− iδ
)
= f
(
− i√
3
)
− iδf ′
(
− i√
3
)
+O(δ2),
f
(
− i√
3
)
=
2
3
e−i
pi
4
(
x+
i√
3
)3/2∣∣∣∣∣
1
−1
= 2 · 2
3
(
2√
3
)3/2
=
4
3
(
2√
3
)3/2
,
f ′
(
− i√
3
)
= −e−ipi4
(
x+
i√
3
)1/2∣∣∣∣∣
1
−1
= −
(
1√
3
− ix
)1/2∣∣∣∣∣
1
−1
=
=
(
1√
3
+ ix
)1/2∣∣∣∣∣
1
−1
= i
(
2√
3
)1/2
,
4
3
(
2√
3
− δ
)3/2
=
4
3
(
2√
3
)3/2
− 2δ
(
2√
3
)1/2
+O(δ2),
Nδ(ε) =
ε−1/2
pi
(
3δ
(
2√
3
)1/2
+O(δ2)
)
+O (1) =
=
21/233/4
pi
δε−1/2 +O
(
δ2ε−1/2
)
+O (1)
Òåîðåìà 1 ïîçâîëÿåò âçÿòü δ = ε1/2 ln ε−θ:
Nε1/2 ln ε−θ(ε) =
21/233/4
pi
ln ε−θ +O (1) .
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2 åøåíèå óðàâíåíèÿ ÎððàÇîììåðåëüäà
Ïåðåéäåì òåïåðü ê èçó÷åíèþ ñàìîé çàäà÷è ÎððàÇîììåðåëüäà ñ
ëèíåéíûì ïðîèëåì (5), (6). Ïåðåïèøåì åå â âèäå:
−iεw′′ = (x− λ)w, (15)
y′′ − α2y = w(x), (16)
y(−1) = y′(−1) = 0, (17)
y(1) = y′(1) = 0. (18)
Ôóíêöèþ ðèíà äëÿ çàäà÷è (16), (17) íàéäåì ìåòîäîì âàðèàöèè
ïîñòîÿííûõ:
y(x) = c1(x)e
αx + c2(x)e
−αx,
y′(x) = αc1(x)eαx − αc2(x)e−αx + c′1(x)eαx + c′2(x)e−αx.
Ïîëó÷àåì ïåðâîå óðàâíåíèå äëÿ c′1(x), c
′
2(x):
c′1(x)e
αx + c′2(x)e
−αx = 0. (19)
Íàéäåì âòîðóþ ïðîèçâîäíóþ è ïîäñòàâèì â (16):
y′′(x) = α2c1(x)e
αx + α2c2(x)e
−αx + αc′1(x)e
αx − αc′2(x)e−αx =
= α2c1(x)e
αx + α2c2(x)e
−αx + w(x).
Ïîëó÷àåì âòîðîå óðàâíåíèå äëÿ c′1(x), c
′
2(x):
c′1(x)e
αx − c′2(x)e−αx =
1
α
w(x). (20)
åøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé (19), (20) äàåò:
c′1(x) =
1
α
e−αx
2
w(x), c′2(x) = −
1
α
eαx
2
w(x),
y(x) =
1
α
x∫
x1
eα(x−t)
2
w(t) dt− 1
α
x∫
x2
e−α(x−t)
2
w(t) dt.
Ñ ó÷åòîì óñëîâèé (17) ïîëó÷àåì:
y(x) =
1
α
x∫
−1
sh [α(x− t)]w(t) dt, y′(x) =
x∫
−1
ch [α(x− t)]w(t) dt.
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Òàêèì îáðàçîì, èñõîäíóþ çàäà÷ó (5), (6) ìîæíî çàïèñàòü â âèäå
óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè:
−iεw′′ = (x− λ)w,
1∫
−1
sh [α(1− t)]w(t) dt =
1∫
−1
ch [α(1− t)]w(t) dt = 0.
Òàêàÿ çàïèñü êðàåâîé çàäà÷è Îððà-Çîììåðåëüäà èçâåñòíà äàâíî.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå òåïåðü çàïèøåòñÿ òàê:∣∣∣∣∣∣∣∣∣
1∫
−1
sh [α(1− t)]w1(t) dt
1∫
−1
sh [α(1− t)]w2(t) dt
1∫
−1
ch [α(1− t)]w1(t) dt
1∫
−1
ch [α(1− t)]w2(t) dt
∣∣∣∣∣∣∣∣∣
= 0,
ãäå w1(x), w2(x)  äâà íåçàâèñèìûõ ðåøåíèÿ óðàâíåíèÿ (15). Çàìåíà
ξj = ωj σ
−1(x− λ), j = 0, 1, 2,
ãäå
ωj = e
i( 2pi
3
j+pi
6
),
σ = ε1/3,
ïðèâîäèò (15) ê ìîäåëüíîìó óðàâíåíèþ Ýéðè
w′′(ξ) = ξw(ξ),
ïîýòîìó ìîæíî âçÿòü
wn(x) = v(ξjn) = v(ωjnσ
−1(x− λ)),
ãäå v(ξ)  óíêöèÿ ÝéðèÔîêà.
Ïðîèçâîäÿ ñîîòâåòñòâóþùóþ çàìåíó â èíòåãðàëàõ, âõîäÿùèõ â
õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü, ìîæíî ïåðåïèñàòü èõ â âèäå:
1∫
−1
sh [α(1− t)]wn(t) dt = ω−1jn σ
ξ+jn∫
ξ−jn
gjn(σz)v(z) dz,
1∫
−1
ch [α(1− t)]wn(t) dt = ω−1jn σ
ξ+jn∫
ξ−jn
g∗jn(σz)v(z) dz,
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ãäå
ξ±j = ωj σ
−1(±1− λ),
gj(z) = sh
[
α(1− λ− ω−1j z)
]
,
g∗j (z) = ch
[
α(1− λ− ω−1j z)
]
.
Îáîçíà÷èì
uj(ξj) =
ξj∫
ξ0j
gj(σz)v(z) dz, u
∗
j(ξj) =
ξj∫
ξ0j
g∗j (σz)v(z) dz, (21)
ãäå ξ0j  íåêîòîðûå ÷èñëà, è îêîí÷àòåëüíî çàïèøåì õàðàêòåðèñòè÷åñêîå
óðàâíåíèå òàê: ∣∣∣∣uj1(ξ+j1)− uj1(ξ−j1) uj2(ξ+j2)− uj2(ξ−j2)u∗j1(ξ+j1)− u∗j1(ξ−j1) u∗j2(ξ+j2)− u∗j2(ξ−j2)
∣∣∣∣ = 0. (22)
Ñîáñòâåííûå çíà÷åíèÿ λ çàäà÷è ÎððàÇîììåðåëüäà, êàê è
ñîáñòâåííûå çíà÷åíèÿ ìîäåëüíîé çàäà÷è, ñèììåòðè÷íû îòíîñèòåëüíî
ìíèìîé îñè è ïðè ε → 0 êîíöåíòðèðóþòñÿ â îêðåñòíîñòè îòðåçêîâ
[1,− i√
3
], [−1,− i√
3
] è ëó÷à [− i√
3
,−i∞). Â ñëåäóþùèõ äâóõ ïàðàãðààõ
âû÷èñëÿåòñÿ àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé â îêðåñòíîñòè îòðåçêà
[−1,− i√
3
] è ëó÷à [− i√
3
,−i∞).
3 Ïîâåäåíèå ñîáñòâåííûõ çíà÷åíèé â
îêðåñòíîñòè îòðåçêà [−1,− i√
3
]
Âûáåðåì íà îòðåçêå [−1,− i√
3
] òî÷êè d1 è d2, êîòîðûå ïðè ε → 0
ïðèáëèæàþòñÿ ê êîíöàì îòðåçêà −1 è − i√
3
òàê, ÷òî
ε−1/3| − 1− d1| → +∞, (23)∣∣∣∣− i√3 − d2
∣∣∣∣ = 2ε1/2 ln ε−θ, θ > 13
(
3
4
)3/4
. (24)
àññìîòðèì îáëàñòü Ωε = Ω
1
ε ∪ Ω2ε (ñì. ðèñ. 4), ÿâëÿþùóþñÿ ÷àñòüþ
ïîëóïîëîñû −1 6 Reλ 6 0, Imλ 6 0, êîòîðàÿ îòäåëåíà îò òî÷êè
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0❞−i/√3
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Ω1ε
Figure 4: Îáëàñòè ñïðàâåäëèâîñòè àñèìïòîòèê â îêðåñòíîñòè îòðåçêà
[−1,−i/√3]
−1 äóãîé îêðóæíîñòè ñ öåíòðîì −1, ïðîõîäÿùåé ÷åðåç òî÷êó d1, è
îãðàíè÷åíà ñíèçó ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êè d2 è 1.
Åñëè λ ëåæèò â ýòîé îáëàñòè, òî ïðè σ → 0
ξ±j →∞, σξ±j = O (1) (25)
| arg ξ+j | 6 pi − 2
ln |ξ+j |κ
|ξ+j |3/2
, κ >
3
4
. (26)
Îòðåçîê [−1,− i√
3
] ðàçáèâàåò Ωε íà äâå ÷àñòè: âåðõíþþ Ω
1
ε è íèæíþþ
Ω2ε. Â õàðàêòåðèñòè÷åñêîì îïðåäåëèòåëå (22) ïîëîæèì j1 = 0, j2 = l,
åñëè λ ∈ Ωlε. ×èñëî ξ0j â îðìóëå (21) ïîëîæèì ðàâíûì íóëþ:
uj(ξj) =
ξj∫
0
gj(σz)v(z) dz, u
∗
j(ξj) =
ξj∫
0
g∗j (σz)v(z) dz, (27)
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Ëåììà 3. Èíòåãðàëû (27) îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè
1◦.
2∑
j=0
uj(ξ
±
j ) = 0. (28)
2◦. u(ξ) =
1
3
(
g(0) +O
(
ξ−3/4
))−
− e
− 2
3
ξ3/2
2
√
piξ3/4
(
g(σξ) +O
(
ξ−3/2
))
, σ → 0. (29)
Çäåñü ξ = ξ+j , ξ = ξ
−
1 èëè ξ = ξ
−
2 , à â êà÷åñòâå u, g ìîæíî âçÿòü uj, gj
èëè u∗j , g
∗
j .
Äîêàçàòåëüñòâî. Ïåðâîå ñâîéñòâî ëåãêî âûâîäèòñÿ èç òîæäåñòâà:∑
j
e
2pii
3
jv(e
2pii
3
jξ) = 0.
Â ñàìîì äåëå,
∑
j
uj(ξ
±
j ) =
∑
j
ξ±j∫
0
gj(σz)v(z) dz =
∑
j
ω−1j ξ
±
j∫
0
gj(σωjw)v(ωjw)ωj dw =
=
σ−1(±1−λ)∫
0
sh [α(1− λ− σw)]
∑
j
ωjv(ωjw) dw = 0.
×òîáû âû÷èñëèòü èíòåãðàë u(ξ), ðàçîáüåì åãî íà äâå ÷àñòè:
u(ξ) =
|ξ|∫
0
g(σz)v(z) dz +
ξ∫
|ξ|
g(σz)v(z) dz,
ïðè÷åì ïåðâûé èç ýòèõ èíòåãðàëîâ áåðåòñÿ ïî îòðåçêó ïîëîæèòåëüíîé
ïîëóîñè, à âòîðîé  ïî äóãå îêðóæíîñòè, íå ïåðåñåêàþùåé
îòðèöàòåëüíóþ ïîëóîñü.
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Âû÷èñëèì ïåðâûé èíòåãðàë. Äëÿ ýòîãî çàìåòèì, ÷òî ñóùåñòâóåò
îãðàíè÷åííàÿ âìåñòå ñî ñâîåé ïðîèçâîäíîé óíêöèÿ h(z), òàêàÿ, ÷òî
|ξ|∫
0
g(σz)v(z) dz =
|ξ|∫
0
(g(0) + σzh(z))v(z) dz =
= g(0)
∞∫
0
v(z) dz − g(0)
∞∫
|ξ|
v(z) dz +
|ξ|∫
0
σzh(z)v(z) dz.
Èíòåãðàë îò óíêöèè Ýéðè ïî ïîëîæèòåëüíîé ïîëóîñè ìîæíî âû÷èñëèòü
(ñì. [5, ãë. 11, 12.2℄):
∞∫
0
v(z) dz =
1
3
.
Îöåíèì îñòàòîê:
g(0)
∞∫
|ξ|
v(z) dz = O


∞∫
|ξ|
e−
2
3
z3/2
z1/4
dz

 =
= O


∞∫
|ξ|
de−
2
3
z3/2
z3/4

 = O
(
e−
2
3
|ξ|3/2
|ξ|3/4
)
= O
(
ξ−3/4
)
;
|ξ|∫
0
σzh(z)v(z) dz = σ
|ξ|∫
0
h(z)v′′(z) dz =
= σ

h(z)v′(z)∣∣∣∣
|ξ|
0
−
|ξ|∫
0
h′(z)v′(z) dz

 = σO (1) = O (ξ−1) .
Äëÿ âû÷èñëåíèÿ âòîðîãî èíòåãðàëà ñäåëàåì çàìåíó
w =
2
3
(z3/2 − ξ3/2), η = 2
3
(|ξ|3/2 − ξ3/2).
Ïîñêîëüêó |z| = |ξ|, òî, ñ ó÷åòîì óñëîâèé (25), (26), ìîæíî
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âîñïîëüçîâàòüñÿ ëåììîé 1:
v(z) =
e−
2
3
z3/2
2
√
piz1/4
(
1 +O
(
1
z3/2
))
=
e−
2
3
ξ3/2
2
√
pi
z−1/4
(
1 +O
(
ξ−3/2
))
e−w,
ξ∫
|ξ|
g(σz)v(z) dz = −e
− 2
3
ξ3/2
2
√
pi
η∫
0
z−3/4g(σz)
(
1 +O
(
ξ−3/2
))
e−w dw.
Çàìåòèì, ÷òî
d
dw
(
z−3/4g(σz)
)
=
d
dz
(
z−3/4g(σz)
) dz
dw
=
=
(
z−3/4σg′(σz)− 3
4
z−7/4g(σz)
)
z−1/2 = O
(
ξ−9/4
)
,
ïîýòîìó
z−3/4g(σz) = ξ−3/4g(σξ) + wO
(
ξ−9/4
)
,
ξ∫
|ξ|
g(σz)v(z) dz = − e
− 2
3
ξ3/2
2
√
piξ3/4
η∫
0
(
g(σξ) + wO
(
ξ−3/2
)) (
1 +O
(
ξ−3/2
))
e−w dw.
Åñëè | arg ξ| > pi
3
, òî Re η > 2
3
|ξ|3/2 → +∞, |η|
Re η
6
4
3
|ξ|3/2
Re η
6 2 = O (1),
η∫
0
g(σξ)e−w dw = g(σξ)(1− e−η) = g(σξ) +O (ξ−∞) ,
η∫
0
(
g(σξ)O(ξ−3/2) + wO(ξ−3/2)
)
e−w dw =
=
Re η∫
0
ξ−3/2(O (1) +O (w˜))e−
η
Re η
w˜ dw˜ =
= O

|ξ|−3/2
+∞∫
0
(1 + w˜)e−w˜ dw˜

 = O (ξ−3/2) ,
ξ∫
|ξ|
g(σz)v(z) dz = − e
− 2
3
ξ3/2
2
√
piξ3/4
(
g(σξ) +O
(
ξ−3/2
))
.
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Åñëè | arg ξ| 6 pi
3
, òî ïîñëåäíÿÿ îðìóëà íå èìååò ìåñòà, íî ïîñêîëüêó
Re ξ3/2 > 0, e−
2
3
ξ3/2 = O (1), òî ëåâàÿ è ïðàâàÿ åå ÷àñòè ðàâíû O
(
ξ−3/4
)
è ýòî åñòü îñòàòî÷íûé ÷ëåí äîêàçûâàåìîé àñèìïòîòèêè (29).
Òåîðåìà 5. Ââåäåì äëÿ óäîáñòâà ïðÿìîóãîëüíóþ ñèñòåìó êîîðäèíàò
(t, γ) íà êîìïëåêñíîé ïëîñêîñòè λ. Íà÷àëî êîîðäèíàò ðàñïîëîæèì
â òî÷êå λ = −1, à îñü t íàïðàâèì âäîëü îòðåçêà [−1,− i√
3
]. Òîãäà
àñèìïòîòè÷åñêè, ïðè ε → 0, ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (5), (6) èç
îáëàñòè Ωε ðàñïîëàãàþòñÿ íà äâóõ ëèíèÿõ
γ± = ±ε
1/2
t1/2
(
ln
c(λ)t3/4
ε1/4
+O
(
ε1/4
t3/4
))
, T1(ε) 6 t 6
2√
3
− T2(ε),
ãäå ε−1/3T1(ε)→ +∞, T2(ε) = 2ε1/2 ln ε−θ, θ > 1
3
(
3
4
)3/4
.
Ïðè ýòîì äëÿ ñàìèõ ñîáñòâåííûõ çíà÷åíèé λk = (tk, γk) â êîîðäèíàòíîé
ïëîñêîñòè (t, γ) èìååì:
(
t±k
)3/2
ε1/2
= 3pi(k − 1
8
∓ k0(λ)) +O
(
1√
k
)
, γk = γ(tk). (30)
Âåëè÷èíû c(λ) è k0(λ) âû÷èñëÿþòñÿ ÿâíî:
c(λ) = 2
√
pi
|sh [α(1− λ)]|
sh 2α
, k0(λ) =
1
2pi
arg sh [α(1− λ)] .
Â ÷àñòíîñòè, ìîæíî óòâåðæäàòü, ÷òî ñ òî÷íîñòüþ äî ln ε−1/4
ñîáñòâåííûå çíà÷åíèÿ â îáëàñòè Dε íàõîäÿòñÿ íà êðèâûõ γ
±(t) =
±1
4
ε1/2t−1/2 ln ε−1t3 â êîîðäèíàòíîé ïëîñêîñòè (t, γ), ïðè÷åì èõ
êîîðäèíàòû (tk, γk) âû÷èñëÿþòñÿ ïî îðìóëàì (30).
Ôóíêöèÿ ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé äëÿ êàæäîé
èç êðèâûõ γ+, γ− ðàâíà ïîëîâèíå ñîîòâåòñòâóþùåé óíêöèè
ðàñïðåäåëåíèÿ äëÿ ìîäåëüíîé çàäà÷è íà îòðåçêå [−1,− i√
3
]:
N±(λ, ε) = −ε
−1/2
2pi
−1∫
λ
e−i
pi
4
√
x− λdx+O (1) .
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Äîêàçàòåëüñòâî. Ïðè λ ∈ Ωlε, l = 1, 2, ïåðåïèøåì
õàðàêòåðèñòè÷åñêîå óðàâíåíèå, ïîëüçóÿñü ñâîéñòâîì (28) èç ëåììû 3:∣∣∣∣u0(ξ+0 ) + u1(ξ−1 ) + u2(ξ−2 ) ul(ξ+l )− ul(ξ−l )u∗0(ξ+0 ) + u∗1(ξ−1 ) + u∗2(ξ−2 ) u∗l (ξ+l )− u∗l (ξ−l )
∣∣∣∣ = 0.
Âîñïîëüçóåìñÿ ñâîéñòâîì (29) äëÿ âû÷èñëåíèÿ ul(ξ
+
l )−ul(ξ−l ). Ïîñêîëüêó
−pi
3
6 arg ξ−l 6
pi
3
, òî óíêöèè ul(ξ
−
l ) îãðàíè÷åíû. Ïåðâîå ñëàãàåìîå
â ðàçëîæåíèè (29) äëÿ ul(ξ
+
l ) òàêæå îãðàíè÷åíî, à âòîðîå ñëàãàåìîå
äîìèíèðóåò â ýòîì ðàçëîæåíèè, òàê êàê
1 = O
(
e−
2
3
(ξ+l )
3/2
(ξ+l )
3/2
)
.
Ýòî ñëåäóåò èç òîãî, ÷òî
5pi
6
6 arg ξ+1 6 pi− 32
ln |ξ+
1
|
|ξ+
1
|3/2 , (ξ
+
1 )
3/2 = (ξ+2 )
3/2
. Òå
æå ðàññóæäåíèÿ ïðèìåíèìû ê u∗l (ξ
+
l )−u∗l (ξ−l ) è ìû ïîëó÷àåì ñëåäóþùóþ
îöåíêó:
ul(ξ
+
l )− ul(ξ−l )
u∗l (ξ
+
l )− u∗l (ξ−l )
= − gl(σξ
+
l ) +O
(
(ξ+l )
−3/4)
g∗l (σξ
+
l ) +O
(
(ξ+l )
−3/4) = −sh 0 +O
(
σ3/4
)
ch 0 +O (σ3/4)
= O
(
σ3/4
)
.
Òàêèì îáðàçîì, åñëè λ ∈ Ωε, òî õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìîæíî
çàïèñàòü òàê:
u0(ξ
+
0 ) + u1(ξ
−
1 ) + u2(ξ
−
2 ) = (u
∗
0(ξ
+
0 ) + u
∗
1(ξ
−
1 ) + u
∗
2(ξ
−
2 ))O(σ
3/4). (31)
Âîñïîëüçóåìñÿ åùå ðàç ëåììîé 3. Çàìåòèì, ÷òî ξ+0 ∈ [−pi3 , pi3 ] è
ξ−3−l ∈ [−pi3 , pi3 ], êîãäà λ ∈ Ω3−lε , l = 1, 2, ïîýòîìó â ñîîòâåòñòâóþùèõ
àñèìïòîòè÷åñêèõ ðàçëîæåíèÿõ (29) ìîæíî îòáðîñèòü âòîðîå ñëàãàåìîå,
òàê êàê îíî ìàëî ïî ñðàâíåíèþ ñ ïåðâûì:
u0(ξ
+
0 ) =
1
3
(g0(0) +O((ξ
+
0 )
−3/4)),
u3−l(ξ−3−l) =
1
3
(g3−l(0) +O((ξ−3−l)
−3/4)),
ul(ξ
−
l ) =
1
3
(gl(0) +O((ξ
−
l )
−3/4))− e
− 2
3
(ξ−l )
3/2
2
√
pi(ξ−l )3/4
(gl(σξ
−
l ) +O((ξ
−
l )
−3/2)).
Ïðåäñòàâèì λ â âèäå
λ = −1 + e−ipi6 ε1/3µ2/3eiδ, µ→ +∞.
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Òîãäà
|ξ±j |−1 =
∣∣ωj σ−1(±1− λ)∣∣−1 = ε1/3| ± 1− λ| = | − 1− λ|| ± 1− λ|µ−2/3 = O(µ−2/3)
è ïîñêîëüêó
gj(0) = sh [α(1− λ)] , gj(σξ−j ) = sh 2α,
òî
u0(ξ
+
0 ) =
1
3
(sh [α(1− λ)] +O(µ−1/2)),
u3−l(ξ−3−l) =
1
3
(sh [α(1− λ)] +O(µ−1/2)),
ul(ξ
−
l ) =
1
3
(sh [α(1− λ)] +O(µ−1/2))− e
− 2
3
(ξ−l )
3/2
2
√
pi(ξ−l )3/4
(sh 2α+O(µ−1)).
Àíàëîãè÷íûå ðàçëîæåíèÿ èìåþò ìåñòî äëÿ u∗0(ξ
+
0 ), u
∗
3−l(ξ
−
3−l), u
∗
l (ξ
−
l ),
ïîýòîìó õàðàêòåðèñòè÷åñêîå óðàâíåèå (31) ñâîäèòñÿ ê ñëåäóþùåìó:
e−
2
3
(ξ−l )
3/2
2
√
pi(ξ−l )
3/4
(sh 2α +O(µ−1/2)) = sh [α(1− λ)] +O(µ−1/2).
Äàëåå,
ξ−l = ωl σ
−1(−1 − λ) = −e−ipi6ωlµ2/3eiδ = −ei 2pil3 µ2/3eiδ = e±ipi3µ2/3eiδ,
è ìû ïðèõîäèì ê òàêîìó óðàâíåíèþ:
e∓
2
3
iµei
3δ
2 = 2
√
pi
sh [α(1− λ)]
sh 2α
e±i
pi
4
√
µei
3δ
4 (1 +O(µ−1/2)).
Ïîñëå ëîãàðèìèðîâàíèÿ ïîëó÷èì:
∓ 2
3
iµ cos
3δ
2
± 2
3
µ sin
3δ
2
=
= ∓2ipik + ln (c(λ)√µ) + 2ipik0(λ)± ipi
4
+ i
3δ
4
+O(µ−1/2).
àâåíñòâî äåéñòâèòåëüíûõ ÷àñòåé äàåò
2
3
sin
3δ
2
= ± ln
(
c(λ)
√
µ
)
µ
+O
(
1
µ3/2
)
,
δ = ± ln
(
c(λ)
√
µ
)
µ
+O
(
1
µ3/2
)
. (32)
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Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî δ = O(µ−1/2), cos 3δ
2
= 1 + O(µ−3/2), è
ðàâåíñòâî ìíèìûõ ÷àñòåé äàåò
∓2
3
µ = ∓2pik + 2pik0(λ)± pi
4
+O(µ−1/2),
µ = 3pi(k − 1
8
∓ k0(λ)) +O
(
1
µ1/2
)
. (33)
Ìû ïîëó÷èëè çàÿâëåííûå ðåçóëüòàòû â ïîëÿðíûõ êîîðäèíàòàõ (µ, δ).
Îñòàåòñÿ ïåðåéòè ê êîîðäèíàòàì (t, γ) ïî îðìóëàì
t = ε1/3µ2/3 cos δ,
γ = ε1/3µ2/3 sin δ.
Îáðàòèì ýòè îðìóëû:
δ = γt−1
(
1 + O(δ2)
)
,
µ = ε−1/2t3/2
(
1 +O(δ2)
)
,
è ïîäñòàâèì ñíà÷àëà â (32):
δµ = ± ln cµ1/2 +O(µ−1/2),
γε−1/2t1/2
(
1 +O(δ2)
)
= ± ln cε−1/4t3/4 +O(δ2) +O(µ−1/2),
γε−1/2t1/2 = ± ln cε−1/4t3/4 +O(µ−1/2),
γ± = ±ε1/2t−1/2 (ln cε−1/4t3/4 +O(ε1/4t−3/4)) ,
à çàòåì â (33):
ε−1/2t3/2
(
1 +O(δ2)
)
= 3pi(k − 1
8
∓ k0(λ)) +O(µ−1/2),
ε−1/2t3/2 = 3pi(k − 1
8
∓ k0(λ)) +O(µ−1/2),
ε−1/2
(
t±k
)3/2
= 3pi(k − 1
8
∓ k0(λ)) +O(k−1/2).
Îñòàåòñÿ çàìåòèòü, ÷òî óíêöèÿ ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé
íà êðèâûõ γ± ïîëó÷àåòñÿ èç îðìóëû
(ε−1/3t±k )
3/2 = 3pik +O(1)
òî÷íî òàê æå, êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 3.
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4 Ïîâåäåíèå ñîáñòâåííûõ çíà÷åíèé â
îêðåñòíîñòè ëó÷à [− i√
3
,−i∞)
Ïóñòü ïàðàìåòð λ ëåæèò â îáëàñòè Dε, ââåäåííîé ïðè èçó÷åíèè
ìîäåëüíîé çàäà÷è (ïàðàãðà 1). Òîãäà ïðè σ → 0
| arg ξ±j | 6 pi −
ln |ξ±j |κ
|ξ±j |3/2
, κ >
3
4
, (34)
÷òî îáåñïå÷èâàåò ïðèìåíèìîñòü ëåììû 1. Ïîëîæèì j1 = 0, j2 = 2 â
õàðàêòåðèñòè÷åñêîì îïðåäåëèòåëå (22), à ÷èñëî ξ0j â îðìóëå (21) áóäåì
âûáèðàòü òàê, ÷òîáû
2pi
3
j +
pi
3
6 arg ξ−j 6 arg ξ
0
j =
2pi
3
(j + 1) 6 arg ξ+j 6
2pi
3
(j + 1) +
pi
3
.
Ëåììà 4. Ïðè íåêîòîðîì âûáîðå ÷èñåë ξ0j èíòåãðàëû (21) èìåþò
ñëåäóþùóþ àñèìïòîòèêó:
u(ξ) = − e
− 2
3
ξ3/2
2
√
piξ3/4
(g(σξ) +O(λξ−3/2)), σ → 0. (35)
Çäåñü ξ = ξ±j , à â êà÷åñòâå u, g ìîæíî âçÿòü uj, gj èëè u
∗
j , g
∗
j .
Äîêàçàòåëüñòâî. Åñëè λ èçìåíÿåòñÿ â îãðàíè÷åííîé îáëàñòè,
òî ïðè j = 0, 1 ìîæíî âçÿòü ξ0j = 0 è ïðèìåíèòü ëåììó 3.
Â ïðîòèâíîì ñëó÷àå ýòó ëåììó íåïîñðåäñòâåííî ïðèìåíèòü íåëüçÿ,
íî ìîæíî ïîâòîðèòü ñ íåçíà÷èòåëüíûìè èçìåíåíèÿìè âû÷èñëåíèå
èíòåãðàëà ïî äóãå îêðóæíîñòè |z| = |ξ|. Äëÿ ýòîãî íàäî ïîäîáðàòü ξ0j
òàê, ÷òîáû
ξj
ξ0j
= O(1), Re η > 0,
η
Re η
= O(1), η =
2
3
((ξ0j )
3/2 − ξ3/2j ).
Ïðè j = 0, 1 è äîñòàòî÷íî áîëüøèõ λ èìååì:
arg ξ0j =
2pi
3
(j + 1), | arg ξj − arg ξ0j | <
pi
6
.
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Ïîýòîìó Re ξ
3/2
j 6 − |ξj |
3/2
√
2
è, ïîëàãàÿ |ξ0j | = 12 min{|ξ−j |, |ξ+j |} 6 12 |ξj|,
ïîëó÷èì:
Re η >
2
3
(
−|ξ0j |3/2 +
|ξj|3/2√
2
)
>
2
3
(
−|ξj|
3/2
2
√
2
+
|ξj|3/2√
2
)
=
1
3
√
2
|ξj|3/2,
|η| 6 2
3
(|ξ0j |3/2 + |ξj|3/2) 6
2
3
|ξj|3/2
(
1
2
√
2
+ 1
)
6 |ξj|3/2 6 3
√
2Re η.
|ξj|
|ξ0j |
= 2
|ξj|
min{|ξ−j |, |ξ+j |}
= 2
| ± 1− λ|
min{| − 1− λ|, |1− λ|} = O(1).
Ïðè j = 2 èìååì:
arg ξ0j = 0, | arg ξj| <
pi
3
.
Ïîýòîìó Re ξ
3/2
j 6 |ξj|3/2 è, ïîëàãàÿ |ξ0j | = 2max{|ξ−j |, |ξ+j |} > 2|ξj|,
ïîëó÷èì:
Re η >
2
3
∣∣ |ξ0j |3/2 − |ξj|3/2∣∣ > 23 |ξ0j |3/2
(
1− 1
2
√
2
)
>
1
3
|ξ0j |3/2,
|η| 6 2
3
(|ξ0j |3/2 + |ξj|3/2) 6 23 |ξ0j |3/2
(
1 +
1
2
√
2
)
6 |ξ0j |3/2 6 3Re η,
|ξj|
|ξ0j |
6
1
2
= O(1).
Ëåììà 5. Åñëè λ ∈ Dε, òî õàðàêòåðèñòè÷åñêîå óðàâíåíèå ïðèâîäèòñÿ
ê âèäó
e
4
3
((ξ+
0
)3/2−(ξ−
0
)3/2) = 1 + |λ|−1/2O(σ3/2). (36)
Äîêàçàòåëüñòâî. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:∣∣∣∣u0(ξ+0 )− u0(ξ−0 ) u2(ξ+2 )− u2(ξ−2 )u∗0(ξ+0 )− u∗0(ξ−0 ) u∗2(ξ+2 )− u∗2(ξ−2 )
∣∣∣∣ = 0.
Ïðèìåíèì ëåììó 4, ó÷èòûâàÿ, ÷òî
gj(σξ
±
j ) = sh [α(1∓ 1)] , g∗j (σξ±j ) = ch [α(1∓ 1)] ,
(ξ±2 )
3/2 = −(ξ±0 )3/2, (ξ±2 )3/4 = −i(ξ±0 )3/4.
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Ïîëó÷èì:∣∣∣∣P−E−1− [sh 2α]− P+E−1+ [0] P−E−[i sh 2α]− P+E+[0]P−E−1− [ch 2α]− P+E−1+ [1] P−E−[i ch 2α]− P+E+[i]
∣∣∣∣ = 0,
ãäå
P± =
1
2
√
pi(ξ±0 )3/4
, E± = e
2
3
(ξ±
0
)3/2 , [c] = c+ |λ|−1/2O(σ3/2).
Ïðåîáðàçóåì: ∣∣∣∣E[sh 2α]− P [0] [i sh 2α]−EP [0]E[ch 2α]− P [1] [i ch 2α]−EP [i]
∣∣∣∣ = 0,
ãäå
P = P+P
−1
− =
(ξ−0 )
3/4
(ξ+0 )
3/4
, E = E+E
−1
− = e
2
3
((ξ+
0
)3/2−(ξ−
0
)3/2).
Âû÷èñëÿÿ îïðåäåëèòåëü, ïîëó÷èì:
−PE2[i sh 2α] + E[i sh 2α ch 2α− i sh 2α ch 2α] + P [i sh 2α] = 0,
E2[1]−E[0]− [1] = 0,
E2 = [1].
Ñðàâíèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå (36) ñ ñîîòâåòñòâóþùèì
óðàâíåíèåì (11) äëÿ ìîäåëüíîé çàäà÷è. Ïîñêîëüêó èñïîëüçóåìûå â
ïàðàãðàå 1 ïåðåìåííûå ξ1, ξ2 ðàâíû ñîîòâåòñòâåííî ξ
−
0 , ξ
+
0 , òî (11)
ìîæíî ïåðåïèñàòü òàê:
e
4
3
((ξ+
0
)3/2−(ξ−
0
)3/2) = 1 + |λ|−3/2O(σ3/2).
Ýòî óðàâíåíèå îòëè÷àåòñÿ îò (36) ëèøü áåñêîíå÷íî ìàëûì ñëàãàåìûì,
ïîýòîìó ñïðàâåäëèâ ñëåäóþùèé àíàëîã òåîðåìû 1 äëÿ çàäà÷è Îððà
Çîììåðåëüäà.
Òåîðåìà 6. Ïðè äîñòàòî÷íî ìàëûõ ε > 0 âñå ñîáñòâåííûå çíà÷åíèÿ
çàäà÷è (5), (6), ëåæàùèå â îáëàñòè Dε, ÿâëÿþòñÿ ïðîñòûìè è
îáðàçóþò ìîíîòîííóþ ïîñëåäîâàòåëüíîñòü ÷èñåë íà îòðèöàòåëüíîé
ìíèìîé îñè. Ïðè ýòîì íà èíòåðâàëå (dε,−i(ρk0 +O(ε))) ìîæåò
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íàõîäèòüñÿ íå áîëåå äâóõ ñîáñòâåííûõ çíà÷åíèé, à âñå îñòàëüíûå
ñîáñòâåííûå çíà÷åíèÿ λk çàäà÷è (5), (6) â îáëàñòè Dε èìåþò âèä
λk = −i(ρk +O(ε)), k = k0 + 1, k0 + 2, . . . .
Ôóíêöèÿ ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé íà ëó÷å (− i√
3
,−i∞)
ñîâïàäàåò ñ ñîîòâåòñòâóþùåé óíêöèåé ðàñïðåäåëåíèÿ äëÿ ìîäåëüíîé
çàäà÷è
N(λ, ε) =
ε−1/2
pi
1∫
−1
e−i
pi
4
√
x− λdx+O (1) .
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